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Abstract. Interval Constraint Propagation (ICP) is a powerful method
for solving general nonlinear constraints over real numbers. ICP uses
interval arithmetic to prune the space of potential solutions and, when
the constraint propagation fails, divides the space into smaller regions
and continues recursively. The original goal is to find paving boxes of
all solutions to a problem. Already when the whole domain needs to be
considered, branching methods do matter much. However, recent applica-
tions of ICP in decision procedures over the reals need only a single solu-
tion. Consequently, variable ordering in branching operations becomes
even more important.

In this work, we compare three different branching heuristics for ICP.
The first method, most commonly used, splits the problem in the dimen-
sion with the largest lower and upper bound. The two other types of
branching methods try to exploit an integration of analytical/numer-
ical properties of real functions and search-based methods. The sec-
ond method, called smearing, uses gradient information of constraints
to choose variables that have the highest local impact on pruning. The
third method, lookahead branching, designs a measure function to com-
pare the effect of all variables on pruning operations in the next several
steps.

We evaluate the performance of our methods on over 11,000 bench-
marks from various sources. While the different branching methods
exhibit significant differences on larger instance, none is consistently bet-
ter. This shows the need for further research on branching heuristics when
ICP is used to find an unique solution rather than all solutions.

1 Introduction

Interval Constraint Propagation (ICP) is used to find solutions to logic formulas
that contain continuous, typically nonlinear, real functions. It is used in a variety
of domains such as design and verification of software controller, optimization of
parameters of control laws, system biology, etc.
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ICP finds solutions to problems of the form:

∃x ∈ R
n.

n∧

i=1

li ≤ xi ≤ ui ∧
m∧

i=1

ci(x )

where ci are arbitrary nonlinear constraints. li and ui are lower and upper bounds
that limits the search space. When a solution exists, the algorithm returns sat-
isfiable and it returns unsatisfiable when the constraints are inconsistent. Along
with a satisfiable answer, ICP also returns a solution to the problem.

Typical ICP algorithms uses the branch-and-prune paradigm. Interval exten-
sions of functions are used to prune out sets of points that are not in the solu-
tion set and branch on intervals when such pruning cannot be done. This process
repeats recursively until a small enough box that may contain a solution is found
or inconsistency is observed.

Unfortunately, ICP is exponential in the number of dimension of the solution
space and, thus, scales poorly. The original goal of ICP algorithms was to pave
all solutions and, therefore, covering the entire search space. However, for many
applications, finding a single solution is sufficient. In this case, the heuristics
that choose the dimension on which to branch are critical for the performance
of an ICP solver.

Fig. 1. An example with two variables x and y where branching on x leads to termina-
tion in one step, whereas branching on y does need three steps. The example has two
constraints represented by (1) the blue circles and (2) the green circles. The pruning
steps are shown in Fig. 2. (Color figure online)

Example 1. Figure 1 shows the solution set for the two constraints being the
union of four circles each. The two sets of circles do not intersect and, therefore,
there is no solution. The order on which the branching is performed changes the
number of step performed in the ICP algorithm.

Figure 2 shows how the pruning operations for the different branches. Ini-
tially, the pruning cannot do anything as the box containing the blue circles is
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Fig. 2. The pruning step for the example in Fig. 1. The gray square represent the
domain D explored by the ICP algorithm. (Color figure online)

the same as the box containing the green ones. After branching on x, the prun-
ing can progressively remove circles from the domain until it is empty. Let us
consider the left side of the branch. Pruning with the blue circles removes the
top green circle. Pruning with the remaining green circle removes the two blue
circles. Finally, pruning again with the blue circles shows a contradiction. The
same process repeats on the right side and the problem is shown unsatisfiable.

On the other hand, branching on y result in a situation similar to the initial
state but smaller. The pruning does not make progress and two more splits on
y are needed before the pruning shows the problem to be unsatisfiable.

In this paper, we compare three branching heuristics for ICP: (1) largest
first [5], (2) gradient branching, a method inspired by the maximal smear heuris-
tics [13], (3) lookahead branching [15].

Largest first selects the variable with the largest domain The gradient branch-
ing uses the Jacobian of the constraints and branches on the variable maximiz-
ing the magnitude of the gradient. The lookahead branching performs exhaus-
tive splitting over each of the variables, and keeps the branch which results in
the largest amount of progress during the subsequent pruning. Both methods
introduce parameters that can be fine-tuned based on characteristics of different
benchmark sets.

More complex variations of the heuristics have been proposed, e.g., doing
random lookahead at the beginning, scoring each variables, and combining the
score with another heuristic like maximal smear [16]. However, to better isolate
the effect of each heuristics we use simple version of each heuristic and do not
combine them.

Contributions. In this paper, we study branching heuristics for ICP. More specif-
ically:

– We show the importance of branching heuristics for constraints solving
over a continuous domain for satisfiability. Branching heuristics have been
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intensively studied in solving constraints over discrete domains and over con-
tinuous domain for paving. Our experimental evaluations show that different
heuristics can lead to very different running times on some instances.

– An implementation of our heuristics in the dReal SMT solver and an exper-
imental evaluation on more than 11,000 benchmarks from varied sources.
Surprisingly, all the methods have similar overall performances.

The paper is organized as follow. First, we recall the basics of the ICP algo-
rithm. Then we explain the branching heuristics. Finally, we present an experi-
mental evaluation.

2 Preliminaries

We consider first-order formulas interpreted over the real numbers. Our special
focus is formulas that can contain arbitrary nonlinear functions that are Type
2 computable [20]. Intuitively, Type 2 computability corresponds to numerical
computability.

We look at δ-decision procedures [9] that are based on Interval Constraint
Propagation (ICP). The framework of δ-decision procedures formulates a relaxed
notion of logical decisions, by allowing one-sided δ-bounded errors [7]. Instead
of asking whether a formula has a satisfiable assignment or not, we ask if it is
“δ-satisfiable” or “unsatisfiable”. Here, a formula is δ-satisfiable if it would be
satisfiable under some δ-perturbation on the original formula. On the other hand,
when the algorithm determines that the formula is “unsatisfiable”, it is a definite
answer and no numerical error can be involved.

ICP [3] finds solutions to a system of real constraints using the branch-and-
prune method, combining interval arithmetic and constraint propagation. The
idea is to use interval extensions of functions to prune out sets of points that are
not in the solution set, and recursively branch on intervals when such pruning
can not be done, until a small enough box that may contain a solution is found
or inconsistency is observed. A high-level description of the decision version of
ICP is given in Algorithm1. The boxes, or interval domains, are written as D
and ci denotes the ith constraint.

The core ICP algorithm uses a branch-and-prune loop that aims to either
find a small enough box that witnesses δ-satisfiability, or detect that no solution
exists. The loop consists of two main steps: pruning and branching.

Prune(D , ci) (line 4–6) The pruning operator removes from the current box D
parts of the state space that does not contain solutions to the constrain ci. It
uses interval arithmetic to maintain an overapproximation of the solution sets.

Branch(D , i) (line 9) When the pruning operation ceases to make progress, one
performs a depth-first search by branching on variables and restarts pruning
operations on a subset of the domain. Typically, branching selects the variable
with the largest domain, e.g., Di, and partition it into two equally large subin-
tervals. More concretely, line 9 selects i = arg max{i. |Di|>ε}|Di|.
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Algorithm 1. ICP(c1, ..., cm,D = D1 × · · · × Dn, δ)
1: S.push(D)
2: while S �= ∅ do
3: D ← S.pop()
4: while ∃1 ≤ i ≤ m,D �=δ Prune(D , ci) do
5: D ← Prune(D , ci)
6: end while
7: if D �= ∅ then
8: if ∃1 ≤ i ≤ n, |Di| ≥ ε then � ε is some computable factor of δ
9: {D1,D2} ← Branch(D , i)

10: S.push(D1)
11: S.push(D2)
12: else
13: return sat
14: end if
15: end if
16: end while
17: return unsat

Notation 1. To simplify the presentation, throughout this paper we assume that
0/0 = 0.

Notation 2. In the rest of this paper, we denote the pruning fixed-point, i.e.,
the line 4–6 of Algorithm1, by Prune(D).

3 Gradient Branching

Branching on the size of the interval does not exploit information specific about
the constraints in the problems. Instead, we can use a branching heuristic based
on the gradient that exploits analytical/numerical properties of the constraints.
One method uses gradient information of constraints to choose variables that
have the highest local impact on pruning. The method we present is a variation
of the maximal smearing method [13]. On top of this method, we add weight to
different elements (gradient, size of the intervals). Also, we directly work in the
log-space and sum rather than multiply the coefficients.

The algorithm is shown in Algorithm2. The final score is a combination of two
factors: (1) the size of the interval and (2) the gradient. The size of the interval
(line 2) is a term similar to the standard heuristic that picks the larger interval
for branching. The importance of that factor is controlled by the parameter p3,
usually a small value. The main factor is the gradient at the center of the current
box (line 7). The midpoint method returns the point at the center of the box D .
The gradient is obtained using the Jacobian of the constraints. Jacobian(cj)(p)
computes the Jacobian of cj at the point p and return a vector g of size n where
gi is the derivative value of the ith variable.

Algorithm 2 integrates in Algorithm 1 at line 4. The algorithm depends on
three parameters p1, p2, and p3. We set the parameters to 1000, 1000, and 0.01



90 C. Huang et al.

respectively. We found these values empirically by exploring a range of values
and keeping the ones performing the best on a small set of examples.

Remark 1. Since the ranges of the variables can be vastly different from one
another, we do not want to give disproportionate weight to the variables where
the range is much larger, so we use the asinh function to score the range of a
variable. We choose asinh rather than log because it has better behavior for
small values.

Algorithm 2. Gradient(c1, ..., cm,D = D1 × · · · × Dn)
1: p ← midpoint(D)
2: for all i ∈ [1; n] do scores[i] ← asinh(|Di|p1)p3

3: end for
4: for all j ∈ [1; m] do
5: g ← Jacobian(cj)(p)
6: for all i ∈ [1; n] do
7: scores[i] ← scores[i] + asinh(abs(gi)|Di|p2)
8: end for
9: end for

10: return arg maxi scores[i]

4 Lookahead Branching

Due to the nonlinearity of the constraints, it is difficult to predict a priori the
effect of branching on the subsequent pruning steps. An alternative is to use
a posteriori information, i.e. try to branch on multiple variables, prune, and
keep the branching which results in the most progress. This is the lookahead
strategy [15].

The lookahead strategy makes locally optimal branching choices, but it is
computationally expensive as the results of many pruning steps are discarded.
However, a bad choice in branching, i.e. a branching leading to little or no pruning
also has a cost on the total running time.

Example 2. Making a bad choice can double the amount of subsequent compu-
tations. Let us consider an unsatisfiable set of constraints C(X) over the set of
variables X. Furthermore, assume that the ICP algorithm takes T seconds to
return unsat.

Now let us add a fresh variable y ∈ [−δ; δ] and let C′(X∪{y}) be C(X)∧y = y.
In the best case, the ICP algorithm running on C′ does not branch on y and runs
on C′ like it ran on C. In the worst case, it first branch on y. After branching on
y, C′ is the same as C. However, the ICP needs to show that both sides of the
branch do not contain any solution. In the first case solving C′ takes T seconds
and in the second case it takes 2T seconds. The more the ICP branches on y,
the more the running time increases.
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We present a modified ICP algorithm which uses lookahead. The main com-
ponents are (1) a way of measuring the progress made during pruning, (2) a
lookahead algorithm which preserves some of the progress made during the prun-
ing, and (3) a modified ICP loop which can mix lookahead and normal branching
decisions.

Using only lookahead is prohibitively expensive on problems with a large
number of variables. Therefore, our algorithm has two important features. First,
the lookahead procedure preserves some information about the results of the
discarded pruning steps. Second, the modified ICP loop can mix lookahead with
another cheaper branching policy.

Measuring Progress. To evaluate the progress of pruning steps we need a way of
quantifying the progress made by pruning steps, i.e., measure the D . The most
natural measure of a box is its volume. However, the volume is not resistant to
degenerate intervals, e.g., [0; 0]. The volume of any box containing a degenerate
interval is 0. Instead we use the linear dimension of the box to measure progress.
The linear dimension is defined as the sum of the interval sizes:

ld(D) =
∑

i

|Di|

Computing the Scores of Variables. To decide on which variable to branch, we
give a score to each variable and pick the variable with the maximal score. A vari-
able’s score is computed by branching on that variable, pruning the two resulting
boxes, and measuring the progress made during the pruning. Furthermore, the
variables scores can be amortized in a decaying sum. Since we do not perform the
lookahead at every step, this helps identifying the variables which are globally
more important from the local variations. The decaying sum is inspired by the
variable state independent decaying sum [14] which is a very successful heuristic
for SAT solvers. Algorithm3 shows the details of the computation.

A crucial optimization of the lookahead procedure is the hull on line 9. Instead
of repeatedly branching only on the initial D , we take the hull, i.e., smallest box
containing D1 and D2. This preserves some of the work done during the pruning.

The algorithm depends on the coefficient p1 that amortises the scoring over
the entire run of the ICP algorithm. In our experiment, we set p1 to 0.5.

Modified ICP Algorithm. Algorithm 4 is a modified version of Algorithm 1 to
track additional information about the search. The stack S does not only contains
boxes but also keeps track of the depth of the box in the search tree built by the
algorithm. Two additional variables l and dl keep track of how long ago the last
lookahead performed was, and at what depth. This extra information is used
to decide when to use lookahead. Between lookahead steps, the same variable is
split repeatedly or if its interval is too small, the algorithm can revert to another
policy (line 15).

Algorithm 4 depends on three parameters: p1, p2, and p3. These parameters
control how often the lookahead step is performed on line 10 of Algorithm4.
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Algorithm 3. Lookahead(c1, ..., cm,D = D1 × · · · × Dn)
1: scores ← 0 � only the first time
2: i ← 1
3: while i ≤ n ∧ D �= ∅ do
4: if |Di| > ε then
5: {D1,D2} ← Branch(D , i)
6: D ′

1 ← Prune(D1)
7: D ′

2 ← Prune(D2)

8: score[i] ← score[i] p1 + (1 − p1)(
ld(D1)
ld(D′

1)
+ ld(D2)

ld(D′
2)

)

9: D ← hull(D ′
1,D

′
2)

10: end if
11: i ← i + 1
12: end while
13: return (D , arg maxi scores[i])

Algorithm 4. ICP2(c1, . . . , cm,D = D1 × · · · × Dn, δ)
1: l ← −p1 � how long since the last lookahead
2: dl ← 0 � depth from the last lookahead
3: i ← 0 � branching index
4: S.push(0,D)
5: while S �= ∅ do
6: (d,D) ← S.pop()
7: D ← Prune(D)
8: l ← l + 1
9: if D �= ∅ then

10: if l < 0 ∨ l > p2 ∨ d ≤ dl − p3 then
11: (D , i) ← Lookahead(c1, . . . , cm,D)
12: l ← min(l, 0)
13: dl ← d
14: end if
15: if |Di| ≥ ε ∨ ∃1 ≤ i ≤ n, |Di| ≥ ε then
16: {D1,D2} ← Branch(D , i)
17: S.push(d + 1,D1)
18: S.push(d + 1,D2)
19: else
20: return sat
21: end if
22: end if
23: end while
24: return unsat

The lookahead is performed at a fixed frequency, except at the start where is it
performed more often, and after backtracking.

– l < 0 and l ← −p1 (line 1) forces the lookahead for the first p1 iteration of the
algorithm. Due to the DFS nature of the ICP algorithm, making good choices
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at the early stage of the search is very important. Therefore, we perform more
lookahead steps at the beginning.

– l > p2 controls the maximal interval between two lookahead steps.
– d ≤ dl−p3 forces lookahead if the depth d is p3 less than the depth dl at which

that the lookahead was last computed, i.e. if the search backtracks more than
p3 steps in the search tree. After backtracking, the search may continue in a
very different region of the solution space. Therefore, we need to update the
score of the variables to make sure it is still relevant to the region currently
being explored.

In our experiments we set p1, p2, and p3 to 10.

5 Evaluation

We implemented the heuristics presented above in the dReal SMT solver [8]
and evaluated their efficiency. dReal already implements the baseline heuristic
to bisect the largest dimension by default. Our benchmarks come from:

– the dReal test suite;
– information theory: search for probabilistic encoding minimizing power con-

sumption [19];
– control theory: certifying Lyapunov functions;
– automated theorem proving: proof obligations extracted from the Flyspeck

project [9,11];
– Geometric problems: intersection of objects in high-dimensional spaces, and

computing the inverse kinematics for robotic planning;
– The QF NRA examples from SMT-LIB [1].

The benchmarks are available at https://github.com/dreal/benchmarks.
In this work we focus on branching and our examples do not contain any ordi-

nary differential equations. Examples with ODEs are less interesting as solving
the differential part dominates the running time.

We run two experiments. In the first experiment, we run dReal on the
whole set of 11789 benchmarks with a 300 s timeout. For the second experi-
ment, we keep only the benchmarks with more than 7 variables to filter out
the smaller, easier examples. Furthermore, we exclude the hycomp benchmarks
from the SMT-LIB set because, even though they have many variables, they
are solved using pruning only. The second set has 896 benchmarks and we run
dReal with a 1800 s timeout. We run our experiments in parallel on a server
with AMD Opteron 6174 CPUs at 2.2 GHz and 500 GB of RAM. dReal is single
threaded and memory consumption is not an issue. Additionally, we run dReal
with --polytope and --stat to use the polytope contractor and to collect statis-
tics of the runs.

https://github.com/dreal/benchmarks
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Table 1. Summary of the experiments. We show the number of instances solved by
each method. The virtual best/worst solver represent the best/worst results of any
heuristic on each benchmarks. We also show how many benchmarks could only be
solved using a single method.

Instances Small (Δ) Large (Δ)

#Benchmarks 11789 896

Solved Baseline 10654 292

Solved Gradient 10654 (+0) 266 (−26)

Solved Lookahead 10667 (+13) 283 (−9)

Virtual Best 10827 (+173) 337 (+45)

Virtual Worst 10439 (−206) 222 (−70)

Unique Baseline 34 19

Unique Gradient 65 5

Unique Lookahead 19 31

The results are shown in Table 1 and Figs. 3, 4, 5, 6 and 7. The table includes
the number of instances solved by each method. We also include the virtual best
and virtual worst solver for the three methods. In the total number of instances
solved, the three branching heuristics give roughly similar results. The lookahead
is better overall and, surprisingly, the baseline performs better on the large
instances. However, there is a large variation from benchmark to benchmark.
This can be seen with the virtual best/worst solver, the unique instances, i.e,
the instances solved by only one method, and this is also visible on the Figures.

Figures 4 and 5 compare the gradient and lookahead against the baseline
heuristic. There is a large cluster of easy instances in the bottom left corner.
However, the most interesting feature of these graphs are the number of points
which are on the timeout lines. Also, we can observe that the gradient is faster
than the baseline on the easy instances and the lookahead is slower on average
but times out less often.

Figures 6 and 7 show more information about the internals of the search. Each
solved problem is shown by a (x, y) dot where y is the number of dimensions in
the problem and x is the number of pruning or branching steps performed by
the solver. The gradient and baseline are roughly comparable with an average
of around 9,000 branches and 1,400,000 pruning steps. However, the lookahead
search is quite different with around 5,300 branches and 3,072,000 pruning steps,
trading off branching for pruning. It is easy to see that the lookahead search
performs much more pruning. On the other hand, it branches less often. The
branching difference is less visible, but the cost of additional branches is more
important, see Example 2.
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Fig. 3. Cactus plot of the running times of the baseline, gradient, and lookahead heuris-
tics. A (x, y) point means x instances are solved with a y-second timeout. The higher
graph shows all the benchmarks with a 300 s. timeout. The lower graph shows the large
instances with a 1800 s. timeout.
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Fig. 4. Scatter plot of the running times of the gradient heuristic against the baseline.
The + are the tests with a 300 s. timeout and the × are the tests with a 1800 s. timeout.
The gradient is faster for smaller instances. Notice the large number of instance that
can be solved easily by one method but not the other.

Fig. 5. Scatter plot of the running times of the lookahead heuristic against the baseline.
The + are the tests with a 300 s. timeout and the × are the tests with a 1800 s. timeout.
The lookahead solves more instances, but is slower overall.
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Fig. 6. The number of pruning steps against the number of variables. The lookahead
performs more pruning and the gradient and baseline are comparable.

Fig. 7. The number of branching steps against the number of variables. The lookahead
branches less often that the other two heuristics.

6 Related Work and Discussion

Branching is extensively studied in the discrete CSP community [17] and many
techniques developed in this setting are applicable to an ICP algorithm for con-
tinuous domain. For instance, iSAT [6] implements an integrated ICP+SAT
algorithm and uses the SAT solver heuristics for branching. In this work, we try
to exploit some information specific to the real numbers, such as the gradient, to
improve the variable selection for branching. In the future, we plan to evaluate



98 C. Huang et al.

more complex scoring mechanism for the variables as has been done in the SAT
community [4].

Gradient descent methods are common for convex optimisation [18]. Our
problems are nonlinear and, therefore, nonconvex. However, we plan to further
investigate how technique related to convex relaxation can be integrated in ICP
algorithms.

The difference between the different heuristics makes this a prime candi-
date for combination of heuristics. We could try combination methods using
weights [16], alternating between different selection heuristics [10], or portfo-
lio approach [12]. This would allow us to match the results of the virtual best
solver. A portfolio approach has another advantage: exploiting parallelism. This
also ask questions about identifying when/how to exchange information between
solvers. The difficulty stems from the fact that while the solver works with convex
objects, i.e. boxes. The part of the search space removed by pruning operations
is not convex.

A new direction, we have not yet optimized which branch of the search is
explored first after a bisection. Paving always need to explore both sides. How-
ever, a satisfiability check may stop after finding a solution on the first side
explored.

Another avenue which could be combined to improve the branching is to ask
the pruning step to return more information which can be used for decide at
which point within an interval the splitting must occur [2].

7 Conclusion

In this paper, we show the importance of branching in ICP algorithms for sat-
isfiability of non-linear constraints over the reals. We compare three branch-
ing heuristics. One method picks the variable with the largest range and does
not use information about the constraints. One using gradient information of
constraints and the other method use lookahead to estimate the effect of vari-
ables on pruning operations in the next several steps. We have implemented
these heuristics in the dReal SMT solver and present an evaluation with over
11,000 problem instances. The different branching methods exhibit significant
differences on larger instance. However, no heuristics is consistently better. This
shows the need for further research on branching heuristics when using ICP for
satisfiability.
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